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The problem of the approximate  ana ly t i c  descript ion of the s teady 

tempera ture  f ield of two-d imens iona l  regions with ax ia l  symmet ry  is 

examined .  

where  the coef f i c ien t s  C k a r e  d e t e r m i n e d  by the s y s -  
t em of equat ions  (condit ion of m i n i m u m  of the  func-  
t ional)  

Even in the s i m p l e s t  c a s e s  of homogeneous  m e d i a  
and un i fo rmly  d i s t r i b u t e d  s o u r c e s ,  the in t eg ra t ion  of 
the equat ion of heat  conduct ion fo r  t w o - d i m e n s i o n a l  
r e g i o n s  with a complex  bounda ry  u sua l l y  involves  f a l l -  
ing back  on e i the r  n u m e r i c a l  or  ana log  techniques .  
However ,  a p p r o x i m a t e  ana ly t i c  so lu t ions  m a y  be p r e -  
f e r a b l e ,  for  example ,  f r om the s tandpoin t  of e s t a b -  
l i sh ing  t h e i r  p a r a m e t r i c  dependence .  

P a r t i c u l a r l y  a t t r a c t i v e  is  the Ri tz  method,  in which 
in t eg ra t ion  of the d i f f e r en t i a l  equat ion is r e p l a c e d  by 
the p r o b l e m  of f inding the function that  m i n i m i z e s  the 
funct ional  c o r r e s p o n d i n g  to the s t a r t i n g  equat ion.  

Thus,  we c o n s i d e r  a t w o - d i m e n s i o n a l  a x i s y m m e t r i c  
f igure ,  the c r o s s  sec t ion  of an inf ini te  homogeneous  
c y l i n d r i c a l  body with un i fo rmly  d i s t r i b u t e d  heat  s o u r c e s .  
We a s s u m e  that  hea t  exchange with the su r round ing  
med ium,  whose t e m p e r a t u r e  is  taken  as  ze ro ,  is  
r e a l i z e d  in a c c o r d a n c e  with Newton ' s  law 

V. T + ~ TIt = O, (1) 

whe re  F is the  contour  bounding the r eg ion  in ques t ion .  
In t roducing  the nota t ion 

u (r, ~0) -- T (r, q~) , (2) 
T* 

w h e r e  T* is  the t e m p e r a t u r e  at  the  c e n t e r  of the rod ,  
we w r i t e  the a p p r o x i m a t e  so lu t ion  of the p r o b l e m  in 
the f o r m  

n 

u (r, (p) ~. 2 Cku~ (r, qo). 
le=O 

(3) 

F o r  the heat  conduct ion equat ion 

r Or \ Or 1-"- r 2 0 r  

q~, 

)~T* 

the funct ional  of the p r o b l e m  has the f o r m  

~S f(~r " ,., o u ~ _ ' r  

0 0 - -  

+ 7 ~- ~T* 
= k=O 

(4) 

(5) 

Here ,  

q~ B j, ] = 0 ,  1, 2, . . , ,  n. CkAi~ := )~ T* 
k=0 

(6) 

2a ?(,v) 

Aj~= S a,~ S ~/~r ~)rar, (7) 
o o 

W i k ( r , ~ ) _  Ou i Ouk + 1_ Ouj Ouk , (8) 
Or Or r 2 0 q~ 0 

Bj = j" a ~o j' .~ r ~) rat. (9) 
o n 

The se t  of funct ions  {Uk} can be a r b i t r a r i l y  s e l e c t -  
ed. It is  only n e c e s s a r y  that  i t  be l i n e a r l y  independent  
and that ,  a t  the boundary  of the r eg ion  r b =fQ0),  it  
s a t i s f i e s  the condi t ion  

s 
v.  ~ + T . &  =o. (lo) 

The l a t t e r  equat ion can be r e p r e s e n t e d  in the f o r m  

Otile 

( r ) - I  + �9 
V f, 2 Or + 

1 1 Ou k a (q~) + -- ut~. (11) 
/ ( f  )2 r O~ )~ 

1, ,+ F- 
F r o m  the i n t e g r a l s  of th is  equat ion 

H~ = In r ; P 
7: -  T e% 

H2 .... lnu k -]- - ~  1 + padqv, (12) 

{S' } where  p (~) =: exp 7 -  d cp and r0 i s  some  c h a r -  

a c t e r i s t i c  d imens ion ,  we cons t ruc t  an e x p r e s s i o n  for  
uk(r ,  ~o). Any function of the fo rm ~(Hi,  Hz) -- 0 i s  a 
so lu t ion  of Eq. (11); i . e . ,  fo r  example ,  f r om the r e -  
la t ion  

H~ -- exp { 2kill  } = O, 

r r 
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Having d e t e r m i n e d  the coef f i c ien t s  { Ck} f r o m  the 
s y s t e m  of l i n e a r  equat ions  (6), we can find an e x -  
p r e s s i o n  for  T* 

2 ~  

q--~-~ ~ p (~) d 
2L 2 

~ , (14) 

0 

which fol lows from the  ba l ance  r e l a t i o n  - -  L ~ V ,  T d l  = 
L 

= qoS fo r  a height  i n t e r v a l  of unit  length.  Here ,  S = 
2~z 

- -  21 ; F (q@ d ~ is the a r e a  of the f i gu re  bounded by  the 

0 

curve  F .  
In the  ca se  of a bounda ry  va lue  p r o b l e m  with the 

homogeneous  bounda ry  condi t ion  T I F = 0 the f i r s t  
a p p r o x i m a t i o n ,  su i t ab l e  fo r  f i gu re s  a p p r o x i m a t i n g  a 
c i r c l e ,  is  of i n t e r e s t .  The d i f f i cu l t i e s  in s e l ec t i ng  a 
s y s t e m  of t r i a l  funct ions  can be e l i m i n a t e d  by a s -  
suming  s y m m e t r y  of the  con tour  bounding the p lane  
sec t ion .  

If, with th i s  a s s u m p t i o n ,  a s  the s y s t e m  of funct ions  
{uk(r,  go)}~ u sed  to c o n s t r u c t  the  so lu t ion  in the  f o r m  

a.~ n 

u (r, ~) , ~  E Cku~ (r, r w e  t ake  e i t h e r  
k = l  

o r  

f r * ]~ 
U k r (p) = I 1 - 

t .  ? j ,  

(15') 

(15") 

then the b e s t  a p p r o x i m a t i o n  to the so lu t ion  i s  Clu l ( r ,  go). 
Excep t  fo r  C 1 a l l  the  coe f f i c i en t s  found f r o m  s y s t e m  
(6) van i sh  upon subs t i tu t ion  of uk(r ,  cp) in f o r m  (15) and 
thus  

2 g  

T * , ~  qo o (16) 
4Z, 2~ )2 

0 

In fact ,  in th i s  c a se  s y s t e m  (6), t ak ing  the f o r m  

2~ 

\ l ( ]  q- 1 ) k C k  = q~ o - - C 1 ,  (17) 

0 

] - ~ l ,  2, 3 . . . . .  n, 

has  only the t r i v i a l  so lu t ion  C k = 0, k = 2, 3, 4 . . . . .  
. . . .  n, and,  consequent ly ,  f r om the condi t ion  at  the 

c e n t e r  of the r o d  ~ C ~  ~ 1 we obta in  e x p r e s s i o n  (16). 

However ,  the  va lue  of T* found f rom (16) gives  too 
low a r e s u l t  as  c o m p a r e d  with e x p r e s s i o n  (14), s ince  
i t  fo l lows f r o m  the s a m e  ba l ance  r e l a t i on ,  if the 
boundary  g r a d i e n t  i s  r e p l a c e d  by i t s  modu lus .  

Set t ing u(r ,  ~) = 1 - r Z / f z ( ~ p )  in (14), we obta in  

2 g  

p (~) d (p 

T *  ~ qo o 
4~ (18) 

0 

We p r e s e n t  s e v e r a l  e x a m p l e s  of a p p r o x i m a t e  e x -  
p r e s s i o n s  fo r  T* obta ined  f r o m  (18). 

1. Rod of e l l i p t i ca l  c r o s s  sec t ion :  f(q~) = 
= Va2 cos~ q) + b'2 sin2 r 

T *  ~ q_L a2b~ (19) 
2~, (4ab - -  a ~ - -  b ~) 

2. Rod with a c r u c i f o r m  p ro f i l e  d e s c r i b e d  by the 
equat ion f (~ )  = a + b cos  4 ~  

q~ a ~ q- , 
T * ~  4X(1--~) , (20) 

whe re  

_- 16 (a 3 - a b '  - V ( a '  - b ~ )  ~ ) 

V (a~ - b2) 3 

3. Rod with a p ro f i l e  in the fo rm of a r e g u l a r  p o l y -  
gon (with number  of Jsides,  n, and r a d i u s  of  c i r c u m -  
s c r i b e d  c i r c l e ,  a) 

n sin - -  cos - -  
T *  ~ q~ n n (21) 

4L 2~ - -  n tg - -  
n 

F o r  example ,  for  a s q u a r e  {n = 4) th is  f o r m u l a  
g ives  a r e s u l t  which d i f f e r s  f r o m  the exac t  e x p r e s s i o n  

T* 1 + 
4~ [ ~ - k = l  (2k-~ l) ch (2k-~ l) (22) 

by  a coef f ic ien t  0.88. 
It is  e a s y  to see  that  when f (~)  = cons t  e x p r e s s i o n  

(18) g ives  the value for  the t e m p e r a t u r e  at  the c e n t e r  
of an inf ini te  c i r c u l a r  cy l i nde r .  
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